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AdS/CFT Correspondence

Want to understand strings on curved target spaces:
e non-linear equations
e spectrum difficult
e scattering?! how to get started?

Major achievement: conjectured exact AdS/CFT duality [,
e string (gravitational) theory on AdS target space,

e conformal field theory (CFT) on boundary of AdS. %

Prototype duality:
e |IB strings on AdS5 x S° target space
e N = 4 supersymmetric Yang—Mills (4D CFT)

Features:
e highly symmetric, highly accessible;
e but: non-linear models, strong/weak duality.

S
IR,
AdSs
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Strings on AdS; X S°
lIB superstrings on curved AdSs x S° space:

e 2D non-linear sigma model (QFT),
e worldsheet coupling A,
e string coupling: g,

S~ \/T/(df)Q((DX)2 + fermions)

e weakly coupled for large A, -
e symmetry: background isometries PSU(2,2|4).
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N = 4 Super Yang—Mills Theory

4D Quantum Field Theory Model: [si:]
gauge field A, 4 fermions ¥, 6 scalars di /‘/f/
gauge group typlcally SU(N.) /L
all fields massless and adjoint (N, x N. matrix) [/i\ E

standard couplings: non-abelian gauge, Yukawa ot

coupling constant gy, topological angle ¢ P
>< /F‘\ P

exact superconformal symmetry PSU(2, 2|4)
/(dx)4 Tr(F? + (D®)* + WDV + [®,P]° + Re W[, 7))

1

S ~
YM
Supersymmetry helps:

e protects some quantities, e.g. f =0,
e but still model far from trivial!
Weakly coupled for small gy
compute by Feynman graphs (hard!)
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Planar Limit

Planar limit in gauge theory: [ 7
e large-N, limit: N, = 00, gyn = 0,
't Hooft coupling ¢2,,N. =: A remains,
e only planar Feynman graphs,
no crossing propagators,
e drastic combinatorial simplification.

-@-

Surface of Feynman graphs Planar limit in string theory:
becomes 2D string worldsheet: e no string coupling gs = 0,
no string splitting or joining.
e worldsheet coupling A remains.
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Integrability

Standard QFT approach: Feynman graphs
e enormously difficult at higher loops ... @:

e ... but also at lower loops and many legs.
Planar N = 4 SYM is integrable . .. see review collection [N&s2]
e ...sois the AdS/CFT dual string theory.

e integrability vastly simplifies calculations.

e spectrum of local operators now largely understood.

e can compute observables at finite coupling . [aee, Eeen ]

e simple integral equation for cusp dimension Deysp(A).

Local, gauge-invariant operators, e.g. / dual to string states:

O=TtD"¢D™P ---D"P <+ > T <P

Observable: scaling dimension Dy / dual to energy of string state
(O(x) Oy)) ~ |z —y| 7.
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Il. Planar AdS/CFT Spectrum
using Integrability
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Cusp Dimension from Bethe Equations

Asymptotic Bethe equations for scaling dimensions  [Mi=ren| [ 5] [osete |
M
exp(ippL) = H S(pr:pj; A, Do=Do+ Y D(p; N
J=1,j#k J=1
Coupling constant \ enters analytically. e |

Useful object: Twist-two operators with spin S / dual spinning string:
<
O=0: Os=TdD 0 (N

A lot is known about their anomalous dimensions 0 Dg:
e QCD: 9 Dg responsible for scale violations in DIS.

e DGLAP, BFKL evolution equations.
e Large-S behaviour: cusp dimension D,

DS:DcusplogS—f—....
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Cusp Dimension

Cusp dimension determined by AdS/CFT planar integrable system!

Compute cusp dimension using Bethe equations. Integral eq.: [ %,
dyy
v(o) = K@,0) = [ Ko 2 wlo)
Kernel K = Ky + K; + K4 made from Bessel J; with [aee: Eeen ]
J J —yJ J
Ko(z,y) = rJi(x) o(yg ?/2 o(z) 1(9)7
==Yy
J J —xJ J
Ky(z,y) = yJi(z) 0(2 z Jo(z) 1()’
r? —y?
_o K dz z i
a(z,y) 1(#,2) S m Koz, y).

Cusp anomalous dimension: Deys, = (A/72)1(0).

YRS 2021, Niklas Beisert 10


http://arxiv.org/abs/hep-th/0603157
http://arxiv.org/abs/hep-th/0610251
http://people.phys.ethz.ch/~nbeisert

Weak /Strong Expansion

Weak-coupling solution of integral equation [dte, Eoen ]
LA 1A 11 A 73 3)% \ M

DcuSp<)\>: _____ +—__< + C( ) )_
27w 96 w2 23040 72 2580480 102476/ 2

Confirmed by gluon scattering amplitudes [ oo | [Fezceren o]

A(p, \) ~ A©) (p) exp (2Dcusp()\)]\/[(l) (p)) .

Connection between integrability & scattering amplitudes? later. ..
Strong-coupling asymptotic solution of integral equation [KE;j;i‘L‘en][K;r'iifnlw]

otariski

Ecusp()\):\i?—glig2—f\</2x).+.... N

Agreement with energy of spinning string. [iebane] [t ][ |

irziu
Polyakov Tseytlin
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Finite-Coupling Interpolation

Cusp dimension can be computed numerically at finite coupling .
Smooth interpolation between perturbative gauge and string theory

e in the Bethe equations (left), [a8 S ]
e in the cusp dimension (right). [icene, Bemverest ]
- 50 1
perturbative
string theory 0]
304 °
S
=
20
) finite 10
perturbative coupling IK‘BEW‘ Benvenui ]
gauge theor 0 oo, Sk
0 1 5 10

8

An exact result in a (planar) 4D gauge theory at finite coupling.
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Thermodynamic Bethe Ansatz

Bethe equations not exact for finite size?

e scattering assumes infinite worldsheet,

e actual string states defined on finite cylinder,

e Luscher terms: virtual particles around cylinder.

Thermodynamic Bethe Ansatz: D D

e idea: space has finite extent,
but time is infinite.
e consider evolution in space, (]A:_T_ri e
scattering problem on infinite line. —>
e in 2D: double Wick rotation.

Same S-matrix. =

|
(

Obtain infinite set of coupled integral equations.
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Techniques and Applications

Arsenal of improved integrable techniques:

e T/Y-System e Baxter equations e finite non-linear
e Hirota equations e quantum curves integral equations

Consider now particular state (“Konishi"), e.g.
O =Tro,,,.

Can now compute the dimension or energy:
e interpolation from weak to strong coupling,

Gromov
Kazakov ]
Vieira

e 8 loops: sum of (multiple) zeta values [Bainel] [“ciaere]
3\ 32 213 78 — 18¢(3) + 45¢(5)) \*
472 167w* 25676 204878
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using Integrability

16


http://people.phys.ethz.ch/~nbeisert

Worldsheet Scattering

Integrability methods rely on scattering picture for 2D worldsheet.

8 bosonic + 8 fermionic excitations, b 1
s1(2|2) @ su(2]2) residual symmetry,

2-particle scattering matrix S, [em ivoetstes)
S(p,q; A) at finite A determined by symmetry, 4 D [rep-imcprross]
integrability: factorised multi-particle scattering, YBE.

Plefka
Unusual non-local symmetry: [Somez. | [ ser
e infinite-dimensional quantum algebra: Yangian [07040400

Matsumoto

e novel deformation of Yangian Y|u(2|2)] (maths) [ orvama] [ &5

orriell

e investigations of algebra ongoing [...
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Correlation Functions

Integrable methods to compute But: Integrability applies to
correlation functions efficiently? annulus and disc topology only!
, [j
\ Q
Stitch together two hexagons to a pair of pants, [ [kome

wwwww

then glue arbitrary correlator (as in string theory): ]

Excitations propagate on/around 2D worldsheet: scattering!
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Genus Expansion

Outlook: Genus expansion can now be done by gluing (in principle)

& X
) Alternative expansion scheme
9s for N' =4 SYM theory:
o X loop
SA g expansion LV,ZUA
1 SE T =
+ 9. = hard
& quantum strings
% quantum gauge theory
> N £|g 83
ElY genus ElE
6 ] % expansion ERE
—+ g classical
® 0 p!anar A(!S/CFT 5 strings|) 0
0 gauge theory loops A sigma model loops © |

+ ...
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Dual Conformal and Yangian Symmetry

Strings on AdSs x S® self-dual under T-duality. [ ] [Soeis ][ 2555
AdS/CFT: T-Duality for planar N = 4 SYM: [szh"l;f][iH"T;“]
pl 9

xT
1’2 !

e planar colour-ordered scattering amplitudes
e null polygonal Wilson loops

Ordinary and dual conformal combine to Yangian symmetry. [ i

Yangian invariance of the action: JS = 0. [®, e o]
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Status of AdS/CFT Integrability

implications understood for several observables
applied to compute at finite coupling
well-defined math concepts at leading weak coupling
some perturbative corrections under control
understood well in classical string theory on AdS5 x S°
new kind of symmetry for planar N' = 4 SYM

Open Questions:
What is integrability?
How to define it at higher loops and finite coupling?
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